Abstract. The method of contact integrable extensions is used to find new zerocurvature representation for Plebañski's second heavenly equation.
Introduction
The second Plebañski's heavenly equation, [27] ,
describes self-dual gravitational fields. This equation can be obtained as the compatibility condition for the following system of pdes, [10, 1] , cf. [27, Eq. (3.13) ],
with an arbitrary constant λ. This condition is equivalent to the commutativity of four infinite-dimensional vector fields . This construction is called a differential covering, [15] - [18] , or zero-curvature representation. Dually Eqs. (2) can be defined by means of differential 1-form
called the Wahlquist-Estabrook form of the covering, [9] . In [25] we show that this form can be inferred from a linear combination of Maurer-Cartan forms of the contact symmetry pseudo-group of Eq. (1) . In this paper we apply to (1) the technique of contact integrable extensions (cies) proposed in [24] . We find cies of the structure equations of the contact symmetry pseudo-group of Eq. (1) . The analysis of these cies splits into two cases. In the first case integration of the cie gives Eqs. (2) , while in the second case we obtain new covering of the second heavenly equation.
Symmetry pseudo-group of the second heavenly equation
Let π: R n × R → R n be a vector bundle with the local base coordinates (x 1 , ..., x n ) and the local fibre coordinate u; then denote by J 2 (π) the bundle of the secondorder jets of sections of π, with the local coordinates (
is called a contact form if it is annihilated by all 2-jets of local sections: j 2 (f ) * ϑ = 0. In the local coordinates every contact 1-form is a linear combination of the forms
.., n}, u ji = u ij (here and later we assume the summation convention, so
, is called a contact transformation if for every contact 1-formθ the form ∆ * θ is also contact. We denote by Cont(J 2 (π)) the pseudo-group of contact transformations on J 2 (π). Let H ⊂ R (2n+1)(n+3)(n+1)/3 be an open set with local coordinates a, b
We consider the lifted coframe
As it is shown in [21] , the forms (4) are Maurer-Cartan forms for Cont(J 2 (π)), that is, a local diffeomorphism ∆:
, and ∆ * Θ ij = Θ ij whenever it is projectable on J 2 (π), and its projection ∆:
where the additional forms Φ
, and Θ ijk depend on differentials of the coordinates of H.
Suppose E is a second-order differential equation in one dependent and n independent variables. We consider E as a submanifold in J 2 (π). Let Cont(E) be the group of contact symmetries for E. It consists of all the contact transformations on
Maurer-Cartan forms of the pseudo-group Cont(E) can be obtained from the forms θ 0 = ι
by means ofÉlie Cartan's method of equivalence, [3] - [6] , [8, 13, 26] , see details and examples in [7] , [20] - [25] .
Using this method, we find the Maurer-Cartan forms and their structure equations for the symmetry pseudo-group of Eq. (1). The structure equations have the following form:
For these equations, the non-zero reduced Cartan's characters are s In the next calculations we use the following Maurer-Cartan forms only: 
In these forms,θ ij = ι * 
Contact integrable extensions
To applyÉli Cartan's structure theory of Lie pseudo-groups to the problem of finding zero-curvature representations we use the notion of integrable extension. It was introduced in [2] for the case of pdes with two independent variables and finite-dimensional coverings. The generalization of the definition to the case of infinite-dimensional coverings of pdes with more than two independent variables is proposed in [24] . In contrast to [30, 2] , the starting point of our definition is the set of Maurer-Cartan forms of the symmetry pseudo-group of a given pde, and all the constructions are carried out in terms of invariants of the pseudo-group. Therefore, the effectiveness of our method increases when it is applied to equations with large symmetry pseudo-groups.
Let G be a Lie pseudo-group on a manifold M. Let ω 1 , ... , ω m , m = dim M, be its Maurer-Cartan forms with the structure equations
where γ ∈ {1, . . . , Γ} for some Γ ≥ 0. The coefficients A 
where C λ j are functions of U κ . Consider the following system of equations
for unknown 1-forms τ q , q ∈ {1, ..., Q}, η ρ , ρ ∈ {1, ..., R}, and unknown functions V ǫ , ǫ ∈ {1, ..., S} with some Q, R, S ∈ N. The coefficients D (9), (10) is called an integrable extension of the system (7), (8), if Eqs. (9), (10), (7) (8) together meet the involutivity conditions and the compatibility conditions
Eqs. (11) give an over-determined system of pdes for the coefficients D κ ρr , ..., K ǫ q in Eqs. (9), (10) . If this system is satisfied, the third inverse fundamental Lie's theorem in Cartan's form, [3, § §16, 22-24] , [6] , [29, § §16, 19, 20, 25,26] , [28, § §14.1-14.3], ensures the existence of the forms τ q , V ǫ , the solutions to Eqs. (9), (10) . In acccordance with the second inverse fundamenatl Lie's theorem, the forms τ q , ω i are Maurer-Cartan forms for a Lie pseudo-group H acting on M × R Q .
definition 2. The integrable extension (9), (10) 
q, r ∈ {1, . . . , N}, N ≥ 1, is called a contact integrable extension, if the follownig conditions are satisfied: such that
and the set of equations (13) satisfies the compatibility conditions
We apply this definition to the structure equations (5) . We restrict our analysis to cies of the form
with two additional forms ω 1 and ω 2 mentioned in the part (i) of Definition 3. In (15), * means summation for all i, j ∈ N such that 1 ≤ i ≤ j ≤ 4, (i, j) = (2, 4). These equations together with Eqs. (5) satisfy the requirement of involutivity. We assume that the coefficients of (15) are either constants or functions of additional invariants W ρ mentioned in the part (v) of Definition 3. In the latter case the differentials of W ρ meet the following requirement
Defintion 3 yields an over-determined system for the coefficients of (15) and (16) . The results of analysis of this system are summarized in the following theorem. 
or to
where Z 1 , ... , Z 4 are arbitrary parameters.
The forms (6) in Eqs. (17), (18), (19) and Eqs. (20) , (21), (22) are known explicitly, therefore, in accordance with the third inverse fundamental Lie's theorem, the forms ω 0 satisfying (17) or (20) can by found by means of integration. This analysis splits into two cases -when Z 3 = 0 or Z 3 = 0. remark 1. When Z 3 = 0 in Eq. (19) or Eq. (22), the functions W 2 appear to be independent of the fibre coordinates of the covering. This entails that one symmetry of Eq. (1) is unliftable to the fibre of the covering. From results of [17, 14, 11, 12, 19] it follows that the corresponding covering has a non-removable parameter. Thus the appearance of the non-removable parameter in the covering can be deduced from the form of the cie directly, before integration of its equations.
The results of integration of Eqs. (17) , (18) , (19) and Eqs. (20) , (21) , (22) are given in the following theorem. 
The solutions to Eq. (20) can be obtained from (23) and (24) by the following simple change of independent variables: (t, x, y, z) → (x, t, z, y).
When we put ω 0 = 0, Eq. (23) is unliftable to a symmetry of Eqs. (2) . Since e λX (u yy , u yz , u zz ) = (u yy , u yz , u zz ) and e λX (v, v t , v x , v y , v z ) = (v, v t +λ v y , v x +λ v z , v y , v z ), the parameter λ in Eqs. (2) can be obtained by the action of e λX to the system (2) with λ = 0. Therefore, λ is the non-removable parameter of the covering (2).
